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Abstract—The problem of designing high rate, full diversity only scaled unitary codeword matrices. In this paper, we
noncoherent space-time block codes (STBCs) with low encoding design signal sets for the rate-1 linear designs proposed in
and decoding complexity is addressed. First, the notion ¢j-group 1121 thus leading to four-group decodable differential scaled-
encodable andg-group decodable linear STBCs is introduced. unitary STBCs with full-diversity

Then for a known class of rate-1 linear designs, an explicit . o .
The main contributions can be summarized as follows:

construction of fully-diverse signal sets that lead to four-group
encodable and four-group decodable differential scaled unitary « The notion ofg-group encodable linear space-time codes

STBCs for any power of two number of antennas is provided.
Previous works on differential STBCs either sacrifice decoding
complexity for higher rate or sacrifice rate for lower decoding
complexity.

is formally introduced and the inter-relationship wigh
group decodable linear space-time codes is made clear.
Explicit construction of fully diverse signal sets leading

to scaled-unitary codewords is provided for the designs in
. INTRODUCTION . o . . .

) ) _ [12] for arbitrary transmission rate and dimensions being
It is well known that multiple antenna systems can offer in- 5 power of two. Previous algebraic approaches [3], [5]

creased data rate and reliability as compared to single antenna jnyolved intensive computations which was code specific
systems when the fading coefficients are known at the receiver. anq did not permit an explicit closed form solution for

However, in practice, learning the fading coefficients becomes  4pitrary rate and dimension.

increasingly difficult as either the fading rate or number of | The resulting codes trade off rate and decoding complex-
transmit antennas increases. Motivated by this problem, in [1], ity without sacrificing either of them completely. Previous

[2], a transmission strategy called differential unitary space- \yorks either sacrifice decoding complexity for higher rate
time modulation was introduced for the noncoherent MIMO  , sacrifice rate for lower decoding complexity.
channel where neither the transmitter nor the receiver has]_ . . ) .
) . . he rest of the paper is organized as follows: Section

knowledge of the channel. Essentially, using this strategy the. )

. X e introduces the notion ofy-group encodable ang-group
problem of noncoherent space-time coding becomes similar o . : : 2

; . ; o codable linear STBCs and describes its application and
the problem of coherent space-time coding with the additiongf -°¢ . . ) . .

. ) : . . s|gnificance in the differential encoding/decoding setup. In
requirement for unitary codewords. Since the introduction oction 11l the rate one complex svmbols per channel use
differential space-time codes, several works including [3]- rou décodable desian ofp[12] i)s/ briefl pdescribed The7
[10] and the references in them have focused along differeng OuP 9 y }

directions to obtain full diversity differential space-time code§>4es involved in the construction of fully diverse signal

(DSTCs). Most of these previous works obtained full diversitse'{S for these designs so that they are usable as differential

DSTCs by neglecting the issue of encoding and decodigcalgd—umtary STBCs W'.th full-diversity are h|_gh||ghteq n
ction IV and one particular class of fully diverse signal

complexity which are crucial for practically realizing high rate ; L . o !
._._Sets is explicitly constructed for arbitrary transmission rate in
systems. Though few works [6]-[10] have addressed this SS¥s/sec/Hz. Section V contains some concluding remarks
partially, there seems to be no systematic construction of high ' 9 ’
rate full diversity DSTCs guided by the requirement for low
encoding and decoding complexity.
The differential encoding/decoding setup utilized in [8], We first introduce the notion oj-group encodable ang-
[10] is more general than the differential unitary space-tingroup decodable linear STBCs and explain their significance
modulation scheme originally proposed in [1], [2] in then the context of differential STBCs.
sense that those originally proposed demand all the codewordefinition 1: A linear designS(si, sa,...,sk) in K real

matrices to be unitary whereas the generalized one asks ifateterminates or variables, so, ..., sk iS an x n matrix

II. PRELIMINARIES
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with entries being a complex linear combination of the varbbtaining the conditions for low decoding complexity, we shall
ables. It can be written aS(s1,s2,...,8x) = Zfil s;A; first briefly introduce the notion of-group decodable linear

where, A; € C"*™ are called thewveight matricesA linear STBCs [13]. Thoughg-group decodable STBCs have been
STBC % is a finite set ofn x n complex matrices which can studied in previous works [13], the strong inter-relationship

be obtained by taking a linear desigh{x,z2,...,2x) and between encoding complexity and decoding complexity was
specifying a signal setZ ¢ R from which the information not highlighted and it was implicitly assumed. Further the
vector X = [ $1 S2 ... Sk }T take values from, with notion of encoding complexity was not put in formal terms.

the additional condition thaf(a) # S(d’),V a # a' € . 1) g-group decodable linear STBCSuppose we partition
A linear STBC¥ = {S(X)|X € &/} is said to beg-group the set of weight matrices of(X) into g-groups, thek-
encodable (o% real symbol encodable (%% complex symbol th group containingl/g matrices and also the information
encodable) ifg divides K and if & = o/ x % x --- x o/, symbol vector asX = [ X{ X7 . )ggT ]T where, X}, =

. K
where eache,i =1,...,g CRs. _ ) _ Sth-DK | SKE-DK 5 ... SkK } , then S(X) can be
Example 2.1:The popular Alamouti design along Wlthwritteﬁ] as 9 g
square QAM constellation for each complex symbol id-a '
group encodable linear STBC, since square QAM constellation g B
can be realized as a Cartesian product of two PAM constella- S(X) = Z Sk(Xk), Sk(Xg)= Z S;A;.
tions. k=1 = =D
A. Differential encoding/decoding setup Minimizing
Consider a MIMO channel wittiVy transmit antennas and 1 )
Ng receive antennas. Leil; denote theNr x Ny channel I R: — at_ls(X)th | (2)

matrix at time framé ¢. Let X, be the transmittedv; x Ny
matrix at time framet. Then the received matrix at time

framet is R, = X H; + W, where,W, is the additive white | Ry — 1 Sk(Xi)Re 1 |2 3)
Gaussian noise at the receiver at time framehe differential PN el kU

encoding is performed as follows. A known unitary codewo.r]%r eachl < k < g individually. However if it so happens

X, is first transmitted to start with. The transmitted matr|>t<hen the decoding complexity is reduced by a large amount

. . Sk ¢
iat ttr|1me fr:n\:vetrés thr?tn i)rfitn_tﬁt*lir(#)r(r;_lti V\rghe;et’igt efr%m Note that it is not possible to compute (3) unless the code is
s the codeword containing the information at time frame o\ e ocuobie aico.

. e g 9 .
which satisfiesU;”U; = a;I. In other words, we restrict the Definition 2: A linear STBC% — {S(X)|X ¢ /} is said

code % to contain only scaled unitary matrices. Note that th%

. . ) : to be g-group decodable (of real symbol decodable of
d|f;erent|3| StTBk')C schte mes mt .[1]' [f] further r(taﬁtrtlctthall thecomplex symbol decodablef if it ig-group encodable and if
codewords o be unitary matrices to ensure that the IOOV\ffasrdecoding metric in (2) can be simplified as in (3).
does not tend to zero or infinity. However, even if we allow Theorem 1: A linear STBCE — {S(X)|X ¢ o/} is g-

scaled unitary podewords It |s'p033|ple to ensure _that tB(raoup decodable if the following two conditions are satisfied.
average transmit power constraint sByis met by requiring

is in general not same as minimizing

that E(X” X,) = E(UHU,) = E(a2) = P. 1) ¢ is g-group encodable _ _ -
For such systems, a near-optimal differential decoder has?) T 4i and 4; are the weight matrices of two variables
been utilized in [8], [10] which detect®, as follows: gztlic;r;gltnhge :‘gllé\:/vvci)ngdlgglrg:itoa?ipsjr j‘flltrleg should
7 ; 1 2 Proof: Proof is straightforward ;ndj'dentj' caftg thé roof
Uy = arg min || Ry — UiRi—1 || 1 : ! g I I p
U at—1 in [11]. u

where, a,_; can be estimated from the previous decision In the light of the definition of encoding complexity, for
U,_1. Note that the channel matri# is not required for the Cayley codes [4], [5] if we look at the matrices obtained
decodingl,. Further, it has been shown [8], [10] that the codafter applying Cayley transform, the encoding complexity is
design criteria for full diversity and coding gain is same as i@xponential. In this paper, we have taken the viewpoint of
the case of unitary differential STBCs, i.e, the well knowsefining encoding complexity of the matrices which are used
rank and determinant criteria. Also note that in genéral to perform differential encoding. Moreover, Cayley transform
computations are required to perform the decoding. requires appropriate computation of matrix inverses.

To reduce the encoding complexity our strategy would
to choose? to be a linear STBC. Le¥ = {S(X)|X € «/}. t§ Probl.em Stétement _ _ _ _
Now the higher the value of, the lower the encoding com- The differential STBC design problem is to design a linear
plexity. Moreover, decoding; is same as decoding the infor-STBC % = {S(X)|X € &/} such that

mation symbol vectoX = [ s1 S2 ... Sk ]T. Towards 1) All codewords are scaled unitary matrices and the aver-
age scale factor should meet the power constraint.
IHere the term time frame is used to dendfg channel uses. 2) K andg are maximized
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3) ming, g,e% |S1 — S2| Is maximized. where, the linear desigB(z 11, Tk 12, - - ., T2k ) IS identical
We now briefly highlight the various issues involved in satigo the linear desigmi(z 1, z2, ...,z k) except that it is in dif-
fying the above stated requirements by illustrating with sonferent complex variables g1, 2k 42, ..., z2x. We call this
examples. construction as the 'doubling construction’. This construction
Example 2.2:Let us consider the Golden code fatrans- has also been reported in [14].
mit antennas. It ha8 real variables. For the coherent MIMO We are now ready to describe our iterative construction. For
channel, the signal set used is QAM for each complex variable= 1, we have the Alamouti design.
Hence this code is &-group encodable (since QAM is Construction 3.1:[12] For A > 1, consider the linear
a Cartesiaq product of two PAM signal sets)_ ahdroup design O (a1, 22) = T1 T2
decodable linear STBC and thus has low encoding complexity. T2 T1
However, if we now impose the requirement for scaled unitaesign forNy = 2*, X > 1, we follow the steps given below.
codewords, then we will have to solve for signal sets which Step 1: Starting witlC;, keep applying ABBA construction
will yield scaled unitary codewords inside the division algebréteratively on it till a2*~* x 2*~! linear designC' is obtained.
Although this approach can potentially offer excellent codingtep 2: Then apply doubling construction 6hto obtain the
gain, it may amount to entangling all tBereal variables which required design.
will make the code-group encodable antigroup decodable. A detailed description of these and the proof that the designs
This approach was recently attempted in [3]. given by the above construction atgroup decodable is given
Example 2.3:Let us take the example of the Alamouti codén [12].
for 2 transmit antennas. It has real variables. Now if we  Example 3.1:Now, the design forl transmit antennas ac-
choose the signal set to be PSK (points on the unit circleprding to Construction 3.1 is
for every complex variable, then all the codewords become
unitary matrices, since the Alamouti code is an orthogonal
design. Hence such a code i#sgroup encodable as well S =
as 2-group decodable. Further this code also provides full
diversity. However, note that if we take square QAM to be
the signal set for each complex variable, then we get a and the design for larger number of transmit antennas can also
group encodable (square QAM is a Cartesian product of twe easily constructed.
PAM signal sets) and-group decodable full diversity code,
but now the codewords are scaled unitary matrices as opposed
to unitary matrices. Thus relaxing the codewords to be scaledn this section, we construct fully diverse signal sets for
unitary matrices allows us to lower the encoding and decoditige linear designs constructed in the previous subsection. The
complexity. signal sets should be designed in such a way that the following
The above two examples show thiae choice of signal sets isimportant requirements are met by the code simultaneously.
crucial in obtaining low encoding and decoding complexity 1) Scaled unitary codewords meeting power constraint

I1l. A 4-GROUP DECODABLE DESIGN 2) Four-group encodable and Four-group decodable
In this section, we briefly describe the construction of 3) Difference of any two different codewords should be full

a rate-one linear which satisfies the conditions 4egroup rank (Full diversity)
decadability. This construction was first proposed in [12]. We shall first illustrate the procedure for construction of

. Now, to obtain a linear

Tl T2 —TF —x
T2 T —T; —x5
T3 T4 b x5
T4 Tz X x]

IV. CHOICE OF SIGNAL SETS

Given an x n linear design A(zy,,...,7x) in K signal sets for4 transmit antennas and then generalize the
complex variablesry, zs,...,zx, One can construct a newideas for anyNr = 2* transmit antennas. For the design for
2n x 2n linear designD as follows. 4 transmit antennas we study

a b 0 0
A(:L’l,l'g,...,x[() B(ZK+1,(L'K+2,...,:L’2K) b a 0 0
Hg _

B(xgi1,Tk42,.--,22x) A(z1,22,...,TK) SUS = 00 a b
where, the linear desigB(zx +1, k42, - - -, T2k ) IS identical 0 0 b a
to the linear designA(zi,zs,...,zx) except that it is in 4 ) § § § §
different variablesr g1, Tx12,...,22x. We call this con- whe_rea = i1 il ?‘Udb =TT + BT + T3Ty + Tyd3,
struction as the 'ABBA construction’. This construction wad0 find out the conditions on the signal sets under which
first introduced in [15], albeit only for Alamouti design. the codewords are scaled unitary matrices. We see that the

Given an x n linear designA(zy,zs,...,2x) in K signal set should be chosen such that the following condition
complex variablesry, 2, ..., 2%, one can also construct ais satisfied for all the signal points:

new 2n x 2n linear designS as follows.
9 ITIQ + I;Il + I§$4 + I’ZIL'g =0.

A(x1, 29, ..., 2K) —BH(zx1, 2509, ..,22k) | However, we should be careful to not to distuttgroup en-
B(Tgi1,Tryo,- -, T2r) Af(z1,79,...,0K) codability in the process. Hence we first identify the grouping
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of the variables. According to the construction of [12], the
four groups are as follows. 18

{zir,war}s {z1Q, 220} {war,zar}; {30,710} :

The chosen signal sets should be in such a way that there are osr
no joint constraints on variables from different groups. If that »
happens, then the code will no longer begroup encodable I}
and 4-group decodable. Putting together all the requirements
for scaled unitary codewords, we have

051

b

T11T2] = —T1QT2Q;  T3IT4I = —T3QT4Q-

The above equations can be satisfied without disturlding
group encodability as shown below. ‘ . S ‘ : ‘ . ‘

X —===>

T1[T2] = —T1QT2Q = C1; T3[T4] = —T3QTsq = C2 (4 _ . o .
Q2@ ' QTQ “) Fig. 1. Signal set structure in 2 dimensions

where,c; andc, are positive real constants. Then, the average
power constraint requirement can be met by satisfying the

conditions M
ith increasing radiiry, 7o, ...,7x such thaty,2, r? = A
E(2? 422 = B(z2 2V E(a? a2 = Bz 2 y_q wit ( Wy, 72,0 T : i=1"i 3
(@ir+anr) = Blwigtaze) = Elzs +2iy) = Blasgtaio) (5) Then find those points intersecting with the hyperboja= ¢

where, c is a positive number less tham?. In this manner

where, without loss of generaltywe have considered theWe can get the desired signal set for the variableg o/
average power on a symbol to equal Solutions to (4) @ndzsr,zar. The signal set for the variables, o, z2 and
are simply points on a hyperbola. Thus a common set §$Q:Z4¢ ¢an be obtained by considering a different hyperbola.
solutions of (4) and (5) can be obtained by taking points Q‘Hns is illustrated in Fig. 2. Now,'generallzllng the above ideas,
the intersection of circles and hyperbolas. But we have a thifg®@n be shown that Construction 4.1 gives the closed form
requirement of full diversity which has to be met. For this waeolution of the signal sets that satisfies all the requirements
use the structure of the constructed designs. The construd@g@ny power of two number of antennas.
3] e o snaun _ Cosuston 1Sppoee we vt ot sl e
=
[12] that [ASTAS| > max(JAA[?,|AB|?)?. Thus we can antennas. Then, the resulting signal seR2""" should be a
guarantee full diversity by ensuring thatz; # +Ax; and Cartesian product of signal sets inR2" ", since we insist
Axg # +£Axz4. Just like before, we should be careful not ten 4-group encodability. In our case, we choose all the four
disturb 4-group encodability in the process. We take care @ts to be identical and each contai/$/ points. Let the

designs have the form§ =

that requirement also by satisfying the following conditionssignal points inR2" " be labeled ag;, i = 1,..., VM. If
Azyy # £Az1; Azig # £Ax00; ©) i = 2q + r, thenp; is given by
Axsr # £Azyr; Axsg # £Az4q.
The solution satisfying all the three conditions (4), (5) and (6) pilj] = 0 Vj # (¢ mod 2273) 11
can be found simply by finding the intersection of points on pil(g mod 2273) + 1] =ry, if r=0 (7)
the unit circlex? + 32 = 1 with a hyperbolary = ¢, where pil(g mod 2*73) + 1] =1y, if r=1

¢ < 1 on the two dimensionaty plane. This is illustrated in
Fig. 1. Observe that the hyperbola intersects the circle at fou

different points. But the full diversity criterion demands tha\fVF]ere' for a vector, f[i] denotes the-th entry of the vector

: : o : — VM iti
Az # +Ay. After enforcing this condition, only two points © @1d7g, ¢ =1,..., 5= are positive reglnumbers such that
. . . M
survive out of the four points. They can be either the set of | > vg=1,..., \/42M —landY; 2 r?= \4/2AI.

pomr:s marlg?dA 0(; the.set IOf ptomtstma;l:eﬂ.n: Flﬁc' L Thuz Theorem 2: Construction 4.1 provides fully diverse signal
we nave obtained a signal Set containingoints. 1t We NEEC soiq g6 the designs given by Construction 3.1.

more points, we can then invoke the fact that scaled unitary

codewords are sufficient. We can draw more circles (centered?x@mple 4.1:Let Nz :,23 = 8 and Z‘lf :M164- Thus the
at origin) with radii such that the average power constraint f&t€ of transmission of this code will bé% = 2 bits per
met and then find those points intersecting with the hyperbof!@nnel use. The correspondidgdimensional signal set is
More precisely, to gef\/ points, draw% concentric circles

2We can always scale all the constellation points according to the transmifThis condition is necessary since otherwise the hyperbola will not intersect
power requirement. the circle with least radius.
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2
Fig. 2. General signal set for four transmit antennas
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